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ON SIMULTANEOUS APPROXIMATION OF ALGEBRAIC NUMBERS.
VEEKESH KUMAR AND R. THANGADURAI
Abstract. Let Γ ⊂ Q
×
be a finitely generated multiplicative group of algebraic numbers. Let
α1, . . . , αr ∈ Q
×
be algebraic numbers which are Q-linearly independent with 1 and let ǫ > 0 and
c > 0 be given real numbers. In this paper, we prove that there exist only finitely many tuple
(u, q, p1, . . . , pr) ∈ Γ× Z
r+1 with d = [Q(u) : Q] such that |αiqu| > c, αiqu is not a c-pseudo-Pisot
number for some i and
0 < |αjqu− pj | <
1
Hǫ(u)q
d
r
+ǫ
for 1 ≤ j ≤ r, where H(u) denotes the absolute Weil height. When r = 1, we recover the main
theorem of Corvaja and Zannier in [2]. Also, we prove a more general version of the main theorem
in [2]. The proofs relies on the subspace theorem and the idea of the work of Corvaja and Zannier
with suitable modifications.
1. introduction
Let α be an algebraic number and let ǫ > 0 and c > 0 be given real numbers. An algebraic
number α is said to be c-pseudo-Pisot number if α has integral trace, |α| > c and all its conjugates
have absolute value strictly less than c. When c = 1, in the literature, it is called pseudo-Pisot
number. For example α = 1
2
+ 1√
5
is a 1/2-pseudo-Pisot number but it is not pseudo-Pisot number.
In 2004, Corvaja and Zannier [2] proved the following generalization of the famous Roth’s the-
orem.
Theorem CZ. Let Γ ⊂ Q
×
be a finitely generated multiplicative group of algebraic numbers. Let
α ∈ Q
×
be non-zero algebraic number and let ǫ > 0 be fixed. Then there exist only finitely many
tuples (u, q) ∈ Γ × Z with d = [Q(u) : Q] such that |αqu| > 1, αqu is not a pseudo-Pisot number
and
0 < |αqu− p| <
1
Hǫ(u)qd+ǫ
.
In particular, by taking q = 1 and u = βn for some real algebraic number β > 1, the above
inequality
0 <
∣∣∣∣α− pβn
∣∣∣∣ < 1βnH(βn)ǫ ≤ 1βn(1+ǫ)
has only finitely many solutions in pairs (n, p). Hence, in particular, if β is rational, we recover
Ridout’s theorem. Also, when β is algebraic irrational, then we recover the same Roth’s inequality.
Therefore, by writing the inequality in Theorem CZ as∣∣∣∣αu− pq
∣∣∣∣ < 1Hǫ(u)qd+1+ǫ
one can view as Thue-Roth inequality with moving targets αu, since αu is also varies along with
u.
2010 Mathematics Subject Classification. Primary 11J68; Secondary 11J87 .
Key words and phrases. Approximation to algebraic numbers, Schmidt Subspace Theorem .
1
ON SIMULTANEOUS APPROXIMATION OF ALGEBRAIC NUMBERS. 2
Now, we recall the multi-dimensional version of Roth’s theorem which is an another application
of subspace theorem
Theorem S. Let α1, . . . , αr be algebraic numbers such that 1, α1, . . . , αr are Q-linearly independent
and let ǫ > 0 be a given real number. Then there exist at most finitely many tuples (q, p1, . . . , pr) ∈
N× Zr satisfying
|qαi − pi| <
1
q1/r+ǫ
.
When r = 1, we recover Roth’s theorem. It is natural question that whether the analogue of
Theorem CZ can be done for Theorem S. We address this question in this paper. Moreover, we
also relax the condition that |αqu| > 1 in Theorem CZ. More precisely, we prove the following
theorems.
Theorem 1.1. Let Γ ⊂ Q
×
be a finitely generated multiplicative group of algebraic numbers. Let
α1, . . . , αr ∈ Q
×
be Q-linearly independent algebraic number with 1. Let ǫ > 0 and c > 0 be
given real numbers. Then there exist only finitely many tuple (u, q, p1, . . . , pr) ∈ Γ × Z
r+1 with
d = [Q(u) : Q] such that |αiqu| > c, αiqu is not a c-pseudo-Pisot number for some i and
0 < |αjqu− pj | <
1
Hǫ(u)q
d
r
+ǫ
for all 1 ≤ j ≤ r. (1.1)
For a real number x, the nearest integer of x denoted by ||x|| and it is defined as
||x|| := min{|x−m| : m ∈ Z}.
By this definition of nearest integer, we know that
||xqu|| ≤ |xqu− p|
for any integer p. Theorem 1.1 is a generalization of Theorem CZ along with c-pseudo-Pisot
number. The immediate corollary is the following.
Corollary 1.1. Let Γ, αi’s, ǫ and c be as in Theorem 1.1. Then there are only finitely many pair
(u, q) ∈ Γ× Z with d = [Q(u) : Q] such that |αiqu| > c, αiqu is not a c-pseudo-Pisot number for
some i and
0 < ||αjqu|| <
1
Hǫ(u)q
d
r
+ǫ
for all 1 ≤ j ≤ r.
We also have the following interesting consequence of Theorem 1.1, which is more useful to
prove, possibly, some transcendence results.
Corollary 1.2. Let Γ be a finitely generated subgroup of Q
×
. Let α1, . . . , αr ∈ Q
×
and ǫ > 0 be
given real number. Suppose that the following inequalities
0 < |αiqu− pi| <
1
Hǫ(u)q
d
r
+ǫ
for all 1 ≤ i ≤ r
have infinitely many solutions (u, q, p1, . . . , pr) ∈ Γ × Z
r+1. Then either α1, . . . , αr are Q-linearly
dependent with 1 or all the numbers α1qu, . . . , αrqu are c-pseudo-Pisot numbers for all u and q for
any real number c > 0.
Let K be a number field and let S be a finite set of places on K such that S contains all the
archimedian valuations of K. The group of S-units, denoted by O×S , is defined as
O×S = {α ∈ K : |α|v = 1 for all v /∈ S}.
Now, we state the more general theorem as follows.
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Theorem 1.2. Let K be a Galois extension over Q of degree n and let S be a finite set of places
on K such that S contains all the archimedian valuations of K. Let d be a divisor of n and let
α1, . . . , αd ∈ K be given algebraic numbers and not all zero. Let ǫ > 0 and c > 0 given real
numbers. Then there exist only finitely many tuple (u, q, p) ∈ O×S × Z
2 with d = [Q(u) : Q] such
that |αiqui| > c, αiqui is not a c-pseudo-Pisot number for some i and
0 < |α1qu1 + · · ·+ αdqud − p| ≤
1
Hǫ(u)qd+ǫ
,
where u = u1, u2, . . . , ud are conjugates of u.
As a consequence we have the following corollary.
Corollary 1.3. Theorem 1.2 =⇒ Theorem CZ.
The proof of the above results relies on subspace theorem and the idea employed in [2] with
various suitable modifications.
2. Preliminaries
Let K ⊂ C be a Galois extension over Q. Let MK be the set of all inequivalent places of K and
M∞ be the set of all archimedian places of K. For each place v ∈MK , we denote | · |v the absolute
value corresponding to v, normalized with respect to K. Indeed if v ∈ M∞, then there exists an
automorphism σ ∈ Gal(K/Q) of K such that for all x ∈ K,
|x|v = |σ(x)|
d(σ)/[K:Q], (2.1)
where d(σ) = 1 if σ(K) = K ⊂ R and d(σ) = 2 otherwise. Non-archimedian absolute values are
normalized accordingly so that the product formula
∏
ω∈MK
|x|ω = 1 holds for any x ∈ K
×. For each
automorphism ρ ∈ Gal(K/Q), one defines an archimedian valuation on K by the formula
|x|ρ := |ρ
−1(x)|d(ρ)/[K:Q], (2.2)
where | · | denotes the complex absolute value. Note that two distinct automorphisms, say, ρ1 and
ρ2 defines the same absolute value if and only if ρ
−1
1 ◦ ρ2 is a complex conjugation. Thus, for each
v ∈ M∞, let ρv be an automorphism defining the valuation v according to (2.2). Then the set
{ρv : v ∈M∞} represents the left cosets of the subgroup generated by the complex conjugation in
Gal(K/Q).
The absolute Weil height H(x) is defined as
H(x) :=
∏
ω∈MK
max{1, |x|ω} for all x ∈ K.
For a vector x = (x1, . . . , xn) ∈ K
n and for a place ω ∈ MK , the ω-norm for x denote by ||x||ω
and given by
||x||ω := max{|x1|ω, . . . , |xn|ω}
and the projective height, H(x), is defined by
H(x) =
∏
ω∈MK
||x||ω.
Now we are ready to quote a more general version of the Schmidt subspace theorem, which was
formulated by Schlickewei and Evertse. For the reference, see ([[1], Chapter 7], [[3], Chapter V,
Theorem 1D′] and [[4], Page 16, Theorem II.2])
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Theorem 2.1. (Schlickewei) Let K be an algebraic number field and m ≥ 2 an integer. Let S be
a finite set of places on K containing all the archimedian places. For each v ∈ S, let L1,v, . . . , Lm,v
be linearly independent linear forms in the variables X1, . . . , Xm with coefficients in K. For any
ǫ > 0, the set of solutions x ∈ Km to the inequality∏
v∈S
m∏
i=1
|Li,v(x)|v
|x|v
≤
1
H(x)m+ǫ
lies in finitely many proper subspaces of Km.
The following application of Theorem 2.1 can be deduced from results obtained by Evertse and
for a proof see [[2], Lemma 1].
Lemma 2.1. Let K be a Galois extension over Q and S be a finite subset of places, containing
all the archimedean places. Let σ1, . . . , σn be distinct automorphism of K and let λ1, . . . , λn be
non-zero elements of K. Let ǫ > 0 be a positive real number and ω ∈ S be a distinguished place.
Let E ⊂ O×S be a subset defined as
E :=
{
u ∈ O×S : |λ1σ1(u) + · · ·+ λnσn(u)|ω <
1
Hǫ(u)
max{|σ1(u)|ω, . . . , |σn(u)|ω}
}
.
If E is infinite subset of O×S , then there exists a non-trivial linear relation of the form
a1σ1(v) + · · ·+ anσn(v) = 0, with ai ∈ K,
holds for infinitely many elements of v ∈ E.
We also need the following lemma, which is a special case of S-unit equation theorem (see for
instance [[4], page 18, Theorem II.4]), proved by Evertse and van der Poorten-Schlickewei. Note
that it is again an application of Theorem 2.1.
Lemma 2.2. Let K,S and σ1, . . . , σn be as Lemma 2.1. Let ǫ > 0 be a real number and a1, . . . , an
be non-zero elements of K. Suppose that E ⊂ O×S is subset which is defined as
E := {u ∈ OS : a1σ1(u) + · · ·+ anσn(u) = 0} .
If E is infinite, then there exist i 6= j, non-zero elements a, b ∈ K× and infinitely many v ∈ E such
that
aσi(v) + bσj(v) = 0.
3. Key lemmas for the proof of Theorem 1.1 and 1.2
We start with a very interesting and an important proposition for the proof of Lemma 3.1.
Proposition 3.1. Let α1, . . . , αr be algebraic numbers such that 1, α1, . . . , αr are Q-linearly inde-
pendent and u be a given non-zero algebraic number. Let δ > 0 be a given real number. Suppose
that there exist infinitely many tuples (q, p1, . . . , pr) ∈ Z
r+1 satisfying q 6= 0 and
0 < |qαiu− pi| <
1
qδ
, for 1 ≤ i ≤ r. (3.1)
Then the numbers 1, α1u, . . . , αru are Q-linearly independent.
Proof. First observe from (3.1) that the numbers α1u, . . . , αru are indeed irrational.
We need to prove that a0+a1α1u+· · ·+arαru 6= 0 for any tuple (a0, a1, . . . , ar) ∈ Z
r+1\{(0, . . . , 0)}.
We prove this fact by induction on r.
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When r = 1, if a1α1u + a0, then α1u becomes rational which is a contradiction. Hence, we
shall assume that the claim is true for r − 1 and prove the result for r > 1. Thus by induction
hypothesis, we assume that for all non-zero tuples (b0, b1, . . . , br−1) ∈ Zr, satisfying
b1α1u+ · · · br−1αr−1u+ b0 6= 0.
Suppose there exists a non-trivial relation of the form
a1α1u+ · · ·+ arαru+ a0 = 0 (3.2)
for some non-zero integers a0, a1, . . . , ar. Then, we have
q(a1α1u+ · · ·+ ar−1αr−1u+ a0) + arpr = −qarαru+ arpr.
This is equivalent to
|q(a1α1u+ · · ·+ ar−1αr−1u) + a0q + arpr| = |qarαru− arpr|. (3.3)
On the other hand, we can re-write (3.2) as follows
a1(qα1u− p1) + · · ·+ ar(qαru− pr) = −(a0q + a1p1 + · · ·+ arpr).
This implies
|a0q + a1p1 + · · ·+ arpr| ≤ |a1||qα1u− p1|+ · · ·+ |ar||qαru− pr|.
The left hand side of this inequality is an integer. But by the inequalities in (3.1), the right hand
side tends to zero as q →∞. Therefore, we conclude that
a1p1 + · · ·+ arpr + a0q = 0.
Substituting a0q + arpr = −(a1p1 + · · ·+ ar−1pr−1) in the left hand side of the equality (3.3), we
deduce
|q(a1α1u+ · · ·+ ar−1αr−1u)− (a1p1 + · · ·+ ar−1pr−1)| = |qarαru− arpr|
and hence from (3.1), we get
|q(a1α1u+ · · ·+ ar−1αr−1u)− (a1p1 + · · ·+ ar−1pr−1)| <
1
qδ′
holds for infinitely many pairs (q, p1, . . . , pr1) and for some 0 < δ
′ < δ. Set β = a1α1u + · · · +
ar−1αr−1u. Then, by the induction hypothesis the quantity β is non-zero (moreover, β is an
irrational number).
Now we define r-linear forms with algebraic coefficients as follows;
L1(x1, . . . , xr) = α1uxr − x1
...
Lr−1(x1, . . . , xr) = αr−1uxr − xr−1
Lr(x1, . . . , xr) = βxr − a1x1 − · · · − ar−1xr−1.
Clearly these linear forms are Q-linearly independent.
Let X be a point in Zr, which is of the form
X = (p1, . . . , pr−1, q).
Then using (3.1) and the above inequalities, we get
r∏
i=1
|Li(X)| <
1
qǫ
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for some ǫ > 0 holds true for infinitely many such X’s. Therefore, by the subspace theorem,
there are infinitely many points X lie in a proper subspace of Qr. That is, there exist integers
b0, b1, . . . , br−1 not all zero such that
b0q + b1p1 + · · ·+ br−1pr−1 = 0
holds for infinitely many tuples (q, p1, . . . , pr−1). Then dividing this equality by q and letting
q →∞, we get
b0 + b1α1u+ · · ·+ br−1αr−1u = 0
which is a contradiction to the induction hypothesis and hence the assertion. 
The following lemma is key to the proof of Theorem 1.1 and 1.2 and its proof is based on
subspace theorem along with the idea in [2], with various modifications.
Lemma 3.1. Let K be a Galois extension over Q of degree n and k ⊂ K be a subfield of degree d
over Q. Let α1, . . . , αr be non-zero elements of K such that 1, α1, . . . , αr are Q-linearly independent.
Let S be a finite set of places on K containing all the archimedean places and let ǫ > 0 and c > 0
be given real numbers. Let
B =
{
(u, q, p1, . . . , pr) ∈ (O
×
S ∩ k)× Z
r+1 : 0 < |αiqu− pi| <
1
Hǫ(u)q
d
r
+ǫ
for all 1 ≤ i ≤ r
}
(3.4)
such that for each (u, q, p1, . . . , pr) ∈ B, there exists i with 1 ≤ i ≤ r such that |qαiu| > c and
qαiu is not a c-pseudo Pisot number. If B is infinite, then there exist a proper subfield k
′ ⊂ k, a
non-zero element u′ ∈ k and an infinite subset B′ ⊂ B such that for all (u, q, p1, p2, . . . , pr) ∈ B′,
u/u′ ∈ k′.
Remark. Once hypothesis of the Lemma 3.1 (respectively, Lemma 3.2 below) is satisfied, by
Proposition 3.1 and Theorem S (respectively, Roth’s theorem [[3], Chapter II, Theorem 2A]), we
can conclude that the infinite sequence u satisfies (3.4) (respectively, (3.24)) can not be fixed; that
is, H(u)→∞ as the tuple varies (u, q, p1, . . . , pr) ∈ B (respectively, (u, q, p) ∈ B).
Proof. Since B is an infinite set of solutions of (3.4), we first observe, by Theorem S together with
Proposition 3.1, that the infinite sequence u with (u, q, p1, . . . , pr) ∈ B satisfies H(u)→∞.
If possible, suppose H(u) is bounded. Then there exists an infinite subset A of B such that the
number u is constant for all elements inA. Now we apply Proposition 3.1 on the numbers α1, . . . , αr
and infinite subset A, we conclude that the numbers α1u, . . . , αru are Q-linearly independent with
1. By applying Theorem S on the inputs α1u, . . . , αru and infinite subset A such that
0 < |αiqu− pi| ≤
1
Hǫ(u)q
d
r
+ǫ
, for all 1 ≤ i ≤ r
holds for all (u, q, p1, . . . , pr) ∈ A, we deduce that at least one of α1u, . . . , αru is transcendental
number, which is contradiction to the fact that the all these numbers are algebraic.
Let G = Gal(K/Q) be the Galois group of K over Q. Since K over k is Galois, we let H :=
Gal(K/k) ⊂ G be the subgroup fixing k. Hence, |G/H| = [k : Q] = d. Therefore, among the n
embedding of K, there are exactly d embeddings, say, sigma1, . . . , σd are a representatives for the
left cosets of H in G with σ1 being identity and more precisely, we have
G/H := {H, σ2H, . . . , σdH}.
For each j = 1, 2, . . . , d, let
Sj = {v ∈M∞ : ρv|k = σj : k → C}
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and hence S1∪ . . .∪Sd = M∞. Then for a fixed i with 1 ≤ i ≤ r, by (2.2), for each ρ ∈ Gal(K/Q),
we have,
|αiqu− pi|
d(ρ)/[K:Q] = |ρ(αi)ρ(qu)− ρ(pi)|ρ = |ρ(αi)qρ(u)− pi|ρ (3.5)
and hence ∏
v∈M∞
|ρv(αi)ρv(qu)− pi|v =
d∏
j=1
∏
v∈Sj
|ρv(αi)σj(qu)− pi|v. (3.6)
By (3.5), we see that∏
v∈M∞
|ρv(αi)ρv (qu)− pi|v =
∏
v∈M∞
|αiqu− pi|
d(ρv )/[K:Q] = |αiqu− pi|
∑
v∈M∞
d(ρv )/[K:Q].
Then, from (3.6) and the well-known formula
∑
v∈M∞
d(ρv) = [K : Q], it follows that
d∏
j=1
∏
v∈Sj
|ρv(αi)σj(qu)− p|v = |αiqu− pi| (3.7)
for all 1 ≤ i ≤ r.
Now, for each v ∈ S, we define d + r linearly independent linear forms in d + r variables as
follows: For j = 1, 2, . . . , d and for v ∈ Sj, we let
Lv ,1(x1, . . . , xr, . . . , xr+d) = x1 − ρv(α1)xj+r
...
...
...
Lv ,r(x1, . . . , xr, . . . , xr+d) = xr − ρv (αr)xj+r,
for r + 1 ≤ j ≤ d+ r, we define
Lv,j(x1, . . . , xr, . . . , xr+d) = xj ,
and for v ∈ S\M∞ and for 1 ≤ k ≤ r + d, we let
Lv,k(x1, . . . , xr, . . . , xr+d) = xk.
Let X be the point in Kd+r which is of the form
X = (p1, p2, . . . , pr, qσ1(u), . . . , qσd(u)) ∈ K
d+r.
In order to apply the subspace theorem 2.1, we need to calculate the following quantity
∏
v∈S
d+r∏
j=1
|Lv ,j(X)|v
||X||v
. (3.8)
Using the fact that Lv ,j(X) = qσj(u), for r + 1 ≤ j ≤ d+ r, we obtain
∏
v∈S
d+r∏
j=r+1
|Lv ,j(X)|v =
∏
v∈M∞
d+r∏
j=r+1
|qσj(u)|
∏
v∈S\M∞
d+r∏
j=r+1
|qσj(u)|v
=
∏
v∈S
d+r∏
j=r+1
|q|v
d+r∏
j=r+1
∏
v∈S
|σj(u)|v .
Since σj(u) are S-units, by the product formula, we obtain∏
v∈S
|σj(u)|v =
∏
v∈MK
|σj(u)|v = 1.
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Consequently, the above inequality gives
∏
v∈S
d+r∏
j=r+1
|Lv ,j(X)|v =
∏
v∈S
d+r∏
j=r+1
|q|v ≤
∏
v∈M∞
d+r∏
j=r+1
|q|v =
d+r∏
j=r+1
|q|
∑
v∈M∞
d(ρv )/[K:Q]
Then, from the formula
∑
v∈M∞ d(ρv) = [K : Q], we get
∏
v∈S
d+r∏
j=r+1
|Lv ,j(X)|v ≤
∏
v∈M∞
d+r∏
j=r+1
|q|v =
d+r∏
j=r+1
|q|
∑
v∈M∞
d(ρv )/[K:Q] = |q|d. (3.9)
Now we estimate the product of the denominators in (3.8) as follows: consider
∏
v∈S
d+r∏
j=1
||X||v ≥
∏
v∈MK
d+r∏
j=1
||X||v =
d+r∏
j=1
( ∏
v∈MK
||X||v
)
=
d+r∏
j=1
H(X),
since ||X||v ≤ 1 for all v 6∈ S. Thus, we get,
∏
v∈S
d+r∏
j=1
||X||v ≥ H(X)
d+r. (3.10)
By (3.8), (3.9) and (3.10), it follows that
∏
v∈S
d+r∏
j=1
|Lv ,j(X)|v
||X||v
≤
1
Hd+r(X)
|q|d
r∏
i=1
|αqu− pi|.
Thus, from (3.4), we have
∏
v∈S
d+r∏
j=1
|Lv ,j(X)|v
||X||v
≤
1
Hd+r(X)
|q|d
1
Hrǫ(u)
1
|q|d+rǫ
=
1
Hd+r(X)
1
(|q|H(u))rǫ
.
Notice that
H(X) =
∏
v∈MK
max{|p1|v , . . . , |pr|v , |qσ1(u)|v , . . . , |qσd(u)|v}
≤
∏
v∈S
max{|p1|v , . . . , |pr|v , |qσ1(u)|v , . . . , |qσd(u)|v}
≤
∏
v∈S
max{|q|v , |p1|v , . . . |pr|v}
∏
v∈S
max{1, |σ1(u)|v , . . . , |σd(u)|v}
≤ |qp1 · · · pr|
∏
v∈S
max{1, |σ1(u)|v , . . . , |σd(u)|v}
≤ max{|q|, |p1|, . . . , |pr|}
(∏
v∈S
max{1, |σ1(u)|v}
)
· · ·
(∏
v∈S
max{1, |σd(u)|v}
)
= max{|q|, |p1|, . . . , |pr|}H
d(u).
By using the the inequality ||x|−|y|| ≤ |x−y| and the fact thatH(u)→∞ for (u, q, p1, . . . , pr) ∈ B,
from (3.4), we conclude that |pi| ≤ |αiqu|+1. Since |u|
1
d ≤ H(u), and by using the fact H(u)→∞,
for all 1 ≤ i ≤ r, we get that
|pi| ≤ |αiqu|+ 1 ≤ |q||αi|H
d(u) + 1 ≤ |q|H2d(u)
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for all but finitely many pairs (u, q, p1, . . . , pr) ∈ B. By combining both these above inequalities,
we obtain H(X) ≤ |q|2H(u)3d, and hence we get H(X)1/(3d) ≤ |q|H(u). Therefore, we get
∏
v∈S
d+r∏
j=1
|Lv ,j(X)|v
||X||v
≤
1
Hd+r(X)
1
(|q|H(u))rǫ
≤
1
H(X)d+r+(rǫ)/(3d)
=
1
H(X)d+r+ǫ′
,
for some ǫ′ > 0 holds for infinitely many tuples (q, p1, . . . , pr, u) ∈ B. Then by the subspace
theorem 2.1, there exists a proper subspace of Kd+r containing infinitely many X ∈ B. That is,
we have a non-trivial linear relation of the form
a1p1 + a2p2 + · · ·+ arpr + b1qσ1(u) + · · ·+ bdqσd(u) = 0, ai, bj ∈ K, (3.11)
satisfied by all the tuples (u, q, p1, . . . , pr) ∈ B1 for an infinite subset of B.
Claim 1. At least one of the bj ’s is non-zero in the relation (3.11).
If not, suppose bi = 0 for all 1 ≤ i ≤ r. Then from (3.11), we have
a1p1 + a2p2 + · · ·+ arpr = 0 where ai ∈ K. (3.12)
If suppose all the ai’s are rational numbers, then, by dividing this equality by qu, we get
a1
p1
qu
+ · · ·+ ar
pr
qu
= 0
holds for all (u, q, p1, . . . , pr) ∈ B1. Then letting |q||u| → ∞ along the infinite set B1, by (3.4), we
get
a1α1 + · · ·+ arαr = 0.
This is a contradiction to the Q-linearly independence of αi’s as ai ∈ Q are not are zero. Hence
at least one of ai is algebraic irrational. Also, the sequence (
p1
qu
, . . . , pr
qu
) tends to (α1, . . . αr) and
since none of the αi’s are zero, we conclude that there exists an infinite subset B2 of B1 such that
(u, q, p1, . . . , pr) ∈ B2 and pi 6= 0 for all i. Hence, we see that a1, . . . , ar are Q-linearly dependent.
Let a1, a2, . . . , am be the maximal Q-linearly independent numbers among a1, . . . , ar. Then we
can write
am+i = ci1a1 + · · ·+ cimam, where cim ∈ Q, for all 1 ≤ i ≤ r −m.
Thus by substituting values of am+i in (3.12), we get
a1p1 + · · ·+ ampm + (c11a1 + · · ·+ c1mam)pm+1 · · ·+ (c(r−m)1a1 + · · ·+ c(r−m)mam)pr = 0.
By re-writing this equality in the following form
a1(p1 + c11pm+1 + · · ·+ c(r−m)1pr) + · · ·+ am(pm + c1mpm+1 + · · ·+ c(r−m)mpr) = 0. (3.13)
Since a1, . . . , am are Q-linearly independent, it follows from (3.13) that
p1 + c11pm+1 + · · ·+ c(r−m)1pr = 0 = · · · = pm + c1mpm+1 + · · ·+ c(r−m)mpr. (3.14)
From (3.14), we get relations of the form (3.12) with rational coefficients, which is not possible by
the previous observation. Hence (3.12) does not hold when ai 6∈ Q. This proves our Claim.
Claim 2. There exists a non-trivial relation as (3.11) with ai = 0 for all i = 1, 2, . . . , r.
Since by the hypothesis one of αiqu is mot a c-pseudo-Pisot number, without loss of generality, we
can assume that for each (u, q, p1, . . . , pr) ∈ B1, we have |αrqu| > c and αrqu is not c-pseudo-Pisot
number.
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If possible, a1 6= 0. Then by rewriting the relation (3.11), we obtain
p1 = −
a2
a1
p2 − · · · −
ar
a1
pr −
b1
a1
qσ1(u)− · · · −
bd
a1
qσd(u). (3.15)
Case 1. σj
(
b1
a1
)
6=
bj
a1
for some j with 2 ≤ j ≤ d.
By applying the automorphism σj on both sides of (3.15), we get
p1 = −σj
(
a2
a1
)
p2 − · · · − σj
(
ar
a1
)
pr − σj
(
b1
a1
)
qσj ◦ σ1(u)− · · · − σj
(
bd
a1
)
qσj ◦ σd(u).
By subtracting this relation with (3.15), we get a relation involving the terms only with p2,. . ., pr,
σ1(u), . . ., σd(u). Such a relation is non-trivial, as the coefficients of σj(u) becomes σj(b1/a1)−
bj
a1
6=
0.
Case 2.
bj
a1
= σj
(
b1
a1
)
for all 2 ≤ j ≤ d.
Note that b1 6= 0. If not, then 0 = σj(b1/a1) = bj/a1 for every j. Hence bi = 0 for all i, which
contradicts Claim 1. By putting λ = −b1/a1, we rewrite (3.11) as
p1 = −
a2
a1
p2 − · · · −
ar
a1
pr + q(σ1(λ)σ1(u) + · · · − σd(λ)σd(u). (3.16)
Since ai, bj ∈ K, it may happen that λ does not belong to k. If so, then there exists an automor-
phism τ ∈ H with τ(λ) 6= λ. By applying the automorphism τ on both sides of (3.16) to eliminate
p1, we obtain the linear relation
p2(τ(a2/a1)−a2/a1)+ · · ·+pr(τ(ar/a1)−ar/a1)+(λ−τ(λ))σ1(u)+
d∑
i=2
(σi(λ)σi(u)−τ ◦σi(u)) = 0.
Note that τ ◦ σj coincides on k with some σi and since τ ∈ H and σ2, . . . , σd 6∈ H, none of the
τ ◦σj with j ≥ 2 belongs in H. Hence the above relation can be written as a linear combination of
the p2, . . . , pr and σi(u) with the property that the coefficients of σ1(u) will remain λ− τ(λ). By
our assumption that λ /∈ k and hence we have λ − τ(λ) 6= 0. Therefore, we obtain a non-trivial
relation among the p2, . . . , pr and σi(u).
Thus, it is enough to assume that λ ∈ k. By adding −α1qu on both sides of the equality (3.16),
we get
|p1 − α1qu| =
∣∣∣∣−a2a1 p2 − · · · −
ar
a1
pr + (λ− α1)qσ1(u) + qσ2(λ)σ2(u) + · · ·+ qσd(λ)σd(u)
∣∣∣∣ .
Then from (3.4), we get∣∣∣∣−a2a1 p2 − · · · −
ar
a1
pr + (λ− α1)qσ1(u) + qσ2(λ)σ2(u) + · · ·+ qσd(λ)σd(u)
∣∣∣∣ < 1
Hǫ(u)q
d
r
+ǫ
. (3.17)
By the rule (2.2), we have the following important observation:
d∏
j=1
∏
v∈Sj
∣∣∣∣−ρv
(
a2
a1
)
p2 − · · · − ρv
(
ar
a1
)
pr + (ρv (λ)− ρv (α1))q(ρv ◦ σ1)(u) + · · ·+ q(ρv ◦ σd)(λ)(ρv ◦ σd)(u)
∣∣∣∣
=
∣∣∣∣−a2a1 p2 − · · · −
ar
a1
pr + (λ− α1)qσ1(u) + qσ2(λ)σ2(u) + · · ·+ qσd(λ)σd(u)
∣∣∣∣ .
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For each v ∈ S, one notes that ρv ◦ σj coincides with some σi,v ∈ {σ1, . . . , σd}. Hence the above
relation can be written as a linear combination of p2, . . . , pr and σ1,v , . . . , σd,v and hence there exist
algebraic numbers c1,v , . . . , cd,v ∈ K, not all zero, such that
d∏
j=1
∏
v∈Sj
∣∣∣∣−ρv
(
a2
a1
)
p2 − · · · − ρv
(
ar
a1
)
pr + (ρv (λ)− ρv (α1))q(ρv ◦ σ1)(u) + · · ·+ q(ρv ◦ σd)(λ)(ρv ◦ σd)(u)
∣∣∣∣
=
d∏
j=1
∏
v∈Sj
∣∣∣∣−ρv
(
a2
a1
)
p2 − · · · − ρv
(
ar
a1
)
pr + c1,vσ1,v(u) + · · ·+ cd,vσd,v (u)
∣∣∣∣ .
Hence, by (3.17), we have
d∏
j=1
∏
v∈Sj
∣∣∣∣−ρv
(
a2
a1
)
p2 − · · · − ρv
(
ar
a1
)
pr + c1,vσ1,v(u) + · · ·+ cd,vσd,v (u)
∣∣∣∣ < 1
Hǫ(u)q
d
r
+ǫ
. (3.18)
The inequality (3.18) is true for all (u, q, p1, . . . , pr) ∈ B1. Hence, we apply the subspace theorem
2.1 suitably.
Now, for each v ∈ S, we define d+ r− 1 linearly independent linear forms in d+ r− 1 variables
as follows: for each j = 1, 2, . . . , d and for each v ∈ Sj , we define
Lv ,1(x1, . . . , xr, . . . , xr+d−1) = −ρv
(
a2
a1
)
x1 − · · · − ρv
(
ar
a1
)
xr−1 + c1,vx1,v + · · ·+ cd,vxd,v
Lv ,2(x1, . . . , xr, . . . , xr+d−1) = x2 − ρv (α2)xj+r−1
...
...
...
Lv ,r(x1, . . . , xr, . . . , xr+d−1) = xr−1 − ρv(αr)xj+r−1,
and for r + 1 ≤ j ≤ d+ r − 1, we define
Lv,j(x1, . . . , xr, . . . , xr+d−1) = xj ,
and for v ∈ S\M∞ and 1 ≤ k ≤ r + d− 1 , we consider
Lv,k(x1, . . . , xr, . . . , xr+d−1) = xk.
Since ci,v ’s are not all zero, it follows that for each v ∈ S, the linear forms L1,v , . . . , Ld+r−1,v are
linearly independent.
Write the special points in Kd+r−1 as
X = (p2, . . . , pr, qσ1(u), . . . , qσd(u)) ∈ K
d+r−1.
Then, by the subspace theorem 2.1, there exist a proper subspace of Kd+r−1 containing infinitely
many X = (p2, . . . , pr, qσ1(u), . . . , qσd(u)). Hence, we get a non-trivial relation of the form
a′2p2 + · · ·+ a
′
rpr + b
′
1qσ1(u) + · · ·+ b
′
dqσd(u) = 0, a
′
i, b
′
i ∈ K. (3.19)
By Claim 1, we can always assume that not all bi’s are zero. Thus, we have got a non-trivial
relation in d+ r − 1 tuples.
By continuing the similar process, inductively, we can get pi = 0 for all 1 ≤ i ≤ r − 1. That is,
we get,
a′′rpr + b
′′
1qσ1(u) + · · ·+ b
′′
dqσd(u) = 0, a
′′
r , b
′′
i ∈ K
with not all b′′i ∈ K’s are zero.
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By continuing the initial argument as in Case 2 with a1 = 0 = a2 = . . . = ar−1, we end up in
the following inequality:
|pr − αrqu| = |(λ− αr)qσ1(u) + qσ2(λ)σ2(u) + · · ·+ qσd(λ)σd(u)| <
1
qd/r+ǫ
1
(H(u))ǫ
,
where λ ∈ k. In particular, we get
|(λ− αr)u+ σ2(λ)σ2(u) + · · ·+ σd(λ)σd(u)| <
1
q1+ǫ+d/r
1
(H(u))ǫ
. (3.20)
Suppose λ = αr. Then the algebraic number qαru = qλu has an integral trace and (3.20)
becomes
|σ2(λ)σ2(u) + · · ·+ σd(λ)σd(u)| <
1
q
1
(H(u))ǫ
,
as d ≥ r.
Since qαru is not c-pseudo-Pisot number, we see that
max{|σ2(qλu)|, . . . , |σd(qλu)|} ≥ c.
This implies that
max{|σ2(u)|, . . . , |σd(u)|} ·max{|σ2(λ)|, . . . , |σd(λ)|} ≥ max{|σ2(λu)|, . . . , σd(λu)} ≥
c
q
which is equivalent to
max{|σ2(u)|, . . . , |σd(u)|} ≥
c
q(max{|σ2(λ)|, . . . , |σd(λ)|})
=
C ′
q
(3.21)
where C ′ = c
max
{|σ2(λ)|, . . . , |σd(λ)|}. This constant C
′ is non zero, since λ 6= 0. Hence, from
(3.17) and (3.21), we get
|σ2(λ)σ2(u) + · · ·+ σd(λ)σd(u)| <
1
q
1
(H(u))ǫ
≤ max{|σ2(u)|, . . . , |σd(u)|}
C ′′
(H(u))ǫ
holds for all tuples (u, q, p1, . . . , pr) ∈ B1. Since H(u) → ∞ in the set B1, there exists 0 < ǫ
′ < ǫ
such that the following
|σ2(λ)σ2(u) + · · ·+ σd(λ)σd(u)| < max{|σ2(u)|, . . . , |σd(u)|}
1
(H(u))ǫ′
(3.22)
holds true for all tuples (u, q, p1, . . . , pr) ∈ B1. Therefore, we apply Lemma 2.1 together with w
is the archimedean place corresponding to the embedding of K defined by α →֒ α, n = d − 1,
λi = σi+1(λ) and with σ2, . . . , σd instead of σ1, . . . , σn. Then we get a non-trivial relation as we
claimed. This proves the claim in the Case 2.
Now we assume that λ 6= αr. In this case the first term does appear in (3.20). Since |qαru| > c,
we have
max{|σ1(u)|, |σ2(u)|, . . . , |σd(u)|} ≥ |u| >
c
q|αr|
=
c′
q
,
where c′ = c|αr| > 0. Hence we apply again Lemma 2.1 with w is the archiemedian place, n = d
and λ1 = (λ− αr), λi = σi(λ) for 2 ≤ i ≤ d and get the non-trivial relation as we claimed.
Thus, we have the following
b1qσ1(u) + · · ·+ bdqσd(u) = 0 (3.23)
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valid for all tuples (u, q, p1, . . . , pr) ∈ B1 for an infinite subset B1 ⊂ B. Therefore, by Lemma 2.2,
there exist a 6= b ∈ K× and i 6= j such that aσj(u) + bσi(u) = 0 for all tuples (u, q, p1, . . . , pr) ∈
B2 ⊂ B1 with |B2| =∞. Hence,
−σ−1i
(a
b
)
(σ−1i ◦ σj)(u) = u
valid for all tuples (u, q, p1, . . . , pr) ∈ B2. Therefore, for any two (u
′, q′, p′1, . . . , p
′
r), (u
′′, q′′, p′′1, · · · , p
′′
r)
∈ B′2, we get
σ−1i ◦ σj(u
′/u′′) = u′/u′′.
That means the element u′/u′′ is fixed by the automorphism σ−1i ◦ σj /∈ H, and hence u belongs
to the proper subfield k′ of k which is fixed by the subgroup generated by H and σ−1i ◦ σj . This
completes the proof the lemma. 
Lemma 3.2. Let K be a Galois over Q of degree n and S be a finite set of places on K containing
all the archimedean places. Let k ⊂ K be a subfield of degree d over Q and α1, . . . , αd be elements
of K. Let ǫ > 0 and c > 0 be given real numbers. Let
B =
{
(u, q, p) ∈ (O×S ∩ k)× Z
2 : 0 < |α1qu1 + · · ·+ αdqud − p| <
1
Hǫ(u1)qd+ǫ
}
(3.24)
where u = u1, u2, . . . , ud are the conjugates of u such that for each (u, q, p) ∈ B, |qαiui| > c and
qαiui is not a c-pseudo-Pisot number for some i. If B is infinite, then there exist a proper subfield
k′ ⊂ k, a non-zero element u′ ∈ k and an infinite subset B′ ⊂ B such that for all (q, p, u) ∈ B′,
u/u′ ∈ k′.
Proof. Let H := Gal(K/k) ⊂ Gal(K/Q) = G be the subgroup fixing k. Since K is Galois over Q,
we have K is Galois over k. Hence, |G/H| = d. Thus, we conclude that among n embedding on
K, there are exactly d embeddings σ1, . . . , σd are representatives of the left cosets of H in G with
σ1 being identity and more precisely, we have
G/H := {H, σ2H, . . . , σdH}.
For each ρ ∈ Gal(K/Q), with the notation as in (2.2), we have
|α1qu1 + · · ·+ αdqud − p|
d(ρ)/[K:Q] = |ρ(α1)ρ(qu1) + · · ·+ ρ(αd)ρ(qud)− ρ(p)|ρ
= |ρ(α1)qρ(u1) + · · ·+ ρ(αd)qρ(ud)− p|ρ. (3.25)
Let, for each v ∈ M∞, ρv be an automorphism defining the valuation v according to the rule
(2.2): |x|v := |x|ρv . Then the set {ρv} represents the left cosets of the subgroup generated by the
complex conjugation in Gal(K/Q). Let Sj for j = 1, 2, . . . , d be the subset of M∞ formed by those
valuation v such that ρv |k = σj : k → C. Note that S1 ∪ . . . ∪ Sd = M∞. We take the product
of the terms in (3.25) for ρ running over the set {ρv : v ∈ M∞}; this corresponds to taking the
product over all archimedean valuations. Thus we obtain∏
v∈M∞
|ρv(α1)qρv (u1) + · · · + ρv(αd)qρv(ud)− p|v
=
d∏
j=1
∏
v∈Sj
|ρv(α1)qσj(u1) + · · ·+ ρv (αd)qσj(ud)− p|v .
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By (3.25), we see that∏
v∈M∞
|ρv(α1)qρv (u1) + · · · + ρv(αd)qρv(ud)− p|v
=
∏
v∈M∞
|α1qu1 + · · ·+ αdqud − p|
d(ρ)/[K:Q]
= |α1qu1 + · · ·+ αdqud − p|
∑
v∈M∞
d(ρv )/[K:Q].
Then, from the formula
∑
v∈M∞
d(ρv) = [K : Q], it follows that
d∏
j=1
∏
v∈Sj
|ρv(α1)qσj(u1) + · · ·+ ρv (αd)qσj(ud)− p|v = |α1qu1 + · · ·+ αdqud − p|. (3.26)
Now, for each v ∈ S, we define d+1 linearly independent linear forms in d+1 variables as follows:
For each j = 1, 2, . . . , d and for an archimedean place v ∈ Sj , we define
Lv ,0(x0, . . . , xd) = −x0 + ρv(α1)x1 + · · ·+ ρv(αd)xd
and for any i with 0 < i ≤ d, we define
Lv,i(x0, . . . , xd) = xi.
Also, for any v ∈ S\M∞ and for any i with 0 ≤ i ≤ d, we put
Lv,i(x0, . . . , xd) = xi.
Clearly, these linear forms are Q-linearly independent. Let the special points X ∈ Kd+1 be of the
form
X = (p, qσ1(u), . . . , qσd(u)) ∈ K
d+1.
In order to apply the subspace theorem, we need to calculate the following quantity
∏
v∈S
d∏
j=0
|Lv ,j(X)|v
||X||v
. (3.27)
Using the fact that Lv ,j(X) = qσj(u), for all 1 ≤ j ≤ d and for all v, we obtain
∏
v∈S
d∏
j=1
|Lv ,j(X)|v =
∏
v∈M∞
d∏
j=1
|qσj(u)|v
∏
v∈S\M∞
d∏
j=1
|qσj(u)|v =
∏
v∈S
d∏
j=1
|q|v
d∏
j=1
∏
v∈S
|σj(u)|v .
Since σj(u) are S-units, then by the product formula we obtain∏
v∈S
|σj(u)|v =
∏
v∈MK
|σj(u)|v = 1.
Consequently, from the above equality, we get
∏
v∈S
d∏
j=1
|Lv ,j(X)|v =
∏
v∈S
d∏
j=1
|q|v ≤
∏
v∈M∞
d∏
j=1
|q|v =
d∏
j=1
|q|
∑
v∈M∞
d(ρv )/[K:Q]
Then, from the formula
∑
v∈M∞ d(ρv) = [K : Q], we get∏
v∈S
d∏
j=1
|Lv ,j(X)|v ≤
∏
v∈M∞
d∏
j=1
|q|v =
d∏
j=1
|q|
∑
v∈M∞
d(ρv )/[K:Q] = |q|d. (3.28)
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Now we estimate the product of the denominators in (3.27) as follows: consider
∏
v∈S
d∏
j=0
||X||v ≥
∏
v∈MK
d∏
j=0
||X||v =
d∏
j=0
( ∏
v∈MK
||X||v
)
,
since ||X||v ≤ 1 for all v 6∈ S. Thus, by the definition of H(X), we conclude that
∏
v∈S
d∏
j=0
||X||v ≥
d∏
j=0
H(X). (3.29)
By (3.26), (3.28) and (3.29), it follows that
∏
v∈S
d∏
j=0
|Lv ,j(X)|v
||X||v
≤
1
Hd+1(X)
|q|d|α1qu1 + · · ·+ αdqud − p|.
Thus, from (3.24), we have
∏
v∈S
d∏
j=0
|Lv ,j(X)|v
||X||v
≤
1
Hd+1(X)
|q|d
1
Hǫ(u)
1
|q|d+ǫ
=
1
Hd+1(X)
1
(|q|H(u))ǫ
.
Since H(X) ≤ |q||p|H(u)d and |p| ≤ |α||q|H(u) + 1 ≤ C ′|q|H(u), where |α| = max{|αi|} and for
some positive constant C ′ so that
H(X) ≤ C ′|q|2H(u)d+1 ≤ C ′(|q|H(u))d+1 =⇒ |q|H(u) ≥ C ′′H(X)1/(d+1).
and hence the last inequality becomes
∏
v∈S
d∏
j=0
|Lv ,j(X)|v
||X||v
≤
1
H(X)d+1+ǫ′
,
for some ǫ′ > 0 which holds for infinitely many points X . Therefore by the subspace theorem 2.1,
there exists a proper subspace of Kd+1 containing infinitely many X = (p, qσ1(u), . . . , qσd(u)). It
means that, we obtain a non-trivial relation of the form
a0p+ a1qσ1(u) + · · ·+ adqσd(u) = 0, ai ∈ K, (3.30)
satisfied by all the tuples (u, q, p) ∈ B1 ⊂ B where B1 is an infinite subset of B. Also, by our
hypothesis, for each tuple (u, q, p) ∈ B1, without loss of generality, we can assume that |qα1u| > c
and qα1u is not a c-pseudo Pisot number.
Since not all ai’s are 0, clearly, we can conclude that at least one of the a1, . . . , ad is non-zero.
Now, we have the following claim.
Claim 1. There exists a non-trivial relation like (3.30) with a0 = 0.
Since by the hypothesis one of αiqui is mot a c-pseudo-Pisot number, without loss of generality,
we can assume that for each (u, q, p) ∈ B1, we have |α1qu1| > c and α1qu1 is not c-pseudo-Pisot
number.
Suppose that a0 6= 0. Then by re-writing the relation (3.30) as
p = −
a1
a0
qσ1(u)− · · · −
ad
a0
qσd(u) (3.31)
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By considering the case when σj(a1/a0) 6= aj/a0, for some index j ∈ {2, . . . , d}, or the case when
aj/a0 = σj(a1/a0) for all j, we can conclude that all the coefficients aj/a0 are non-zero. Put
λ = −a1/a0. With this notation we can re-write (3.31) as follows:
p = q(σ1(λ)σ1(u) + · · ·+ σd(λ)σd(u)).
In the proof of Claim 2 of the proof of Lemma 3.1, we have the two possibilities, namely, either
λ ∈ k or λ /∈ k. The proof of the case λ /∈ k is similar to that of the proof of Claim 2 of Lemma
3.1. Therefore we consider the case λ ∈ k. By adding −α1qσ1(u)− · · ·−αdqσd(u) to both sides in
the above equality, we get
|p− (α1qσ1(u) + · · ·+ αdqσd(u))| = |p− (α1qu1 + · · ·+ αdqud)|
= |(λ− α1)qσ1(u) + (σ2(λ)− α2)qσ2(u) + · · ·+ (σd(λ)− αd)qσd(u)|.
Therefore by (3.24), we get
0 < |(λ− α1)qσ1(u) + (σ2(λ)− α2)qσ2(u) + · · ·+ (σd(λ)− αd)qσd(u)| <
1
qd+ǫ
1
Hǫ(u)
.
Then dividing by q on both sides, we get
0 < |(λ− α1)σ1(u) + (σ2(λ)− α2)σ2(u) + · · ·+ (σd(λ)− αd)σd(u)| <
1
qd+1+ǫ
1
Hǫ(u)
≤
1
q1+ǫ
1
Hǫ(u)
.
(3.32)
By putting σi(λ)− αi = βi for all i and see that they are not all zeros. Then we re-write (3.32) as
|β1σ1(u) + · · ·+ βdσd(u)| <
1
q1+ǫ
1
Hǫ(u)
. (3.33)
In order to apply Lemma 2.1, we distinguish two cases namely β1 = 0 and β1 6= 0 as follows.
Suppose β1 = 0. In this case, σ1(λ) = α1 and hence the algebraic number qα1u = qλu. Since
α1qu is not c-pseudo-Pisot number, we get the algebraic number qλu is not a c-pseudo-Pisot
number. Therefore
max{|σ2(qλu)|, . . . , |σd(qλu)|} ≥ c.
This implies that
max{|σ2(u)|, . . . , |σd(u)|} ≥
c
q
max{|σ2(λ)|, . . . , |σd(λ)|}
−1. (3.34)
Since not all βi’s are zero, let βi1 , . . . , βir are non-zero elements among β2, . . . , βd and from (3.33),
we get
|βi1σi1(u) + · · ·+ βirσir(u)| <
1
q1+ǫ
1
Hǫ(u)
. (3.35)
holds for all tuples (u, q, p) ∈ B1. Thus from (3.34) and (3.35), we have for all tuples (u, q, p) ∈ B1
we have the inequality
|βi1σi1(u) + · · ·+ βirσir(u)| < max{|σ1(u)|, . . . , |σd(u)|}H
−ǫ(u).
Thus by applying Lemma 2.1, with the place ω corresponding to the identity embedding, n = ir
and λij = βij for 1 ≤ j ≤ r, we get an infinite subset B2 ⊂ B1 such that for all tuples (u, q, p) ∈ B2
there exists a non-trivial relation of the form
s1qσ1(u) + · · ·+ sdqσd(u) = 0
for some s1, . . . , sd ∈ K.
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Suppose β1 6= 0. Since the proof of this case is verbatim to the analogue proof in Lemma 3.1,
we omit the proof here.
Therefore, by Lemma 2.2, there exist an infinite subset B3 of B2 and non-trivial relation of the
form aσj(u) + bσi(u) = 0 for some i 6= j and a, b ∈ K
× satisfied for all (u, q, p) ∈ B3. Hence, by
the similar argument as we have seen in the proof of Lemma 3.1, we conclude the assertion. 
4. Proofs
Proof of Theorem 1.1. Since Γ is finitely generated multiplicative subgroup of Q
×
, we can
reduce to the situation where Γ ⊂ Q
×
is the group of S-units, namely,
Γ = O×S = {u ∈ K :
∏
v∈S
|u|v = 1}
of a suitable Galois extension K over Q containing α1, . . . , αr and for a suitable finite set of places
of K containing all the archimedean places. Also, S is stable under Galois conjugation.
Suppose that the assertion is not true. Then there exist infinitely many tuples (u, q, p1, . . . , pr) ∈
B ⊂ Γ×Zr+1 satisfying (1.1). Then by inductively, we construct sequences {α
(1)
i }
∞
i=0, . . . , {α
(r)
i }
∞
i=0
elements of K with the property that for any integer n ≥ 0, the numbers (α
(1)
0 · · ·α
(1)
n ), . . .,
(α
(r)
0 · · ·α
(r)
n ) are Q-linearly independent, an infinite decreasing chain Bi of an infinite subset of B
and an infinite strictly decreasing chain ki of subfields of K with the following properties:
For each integer n ≥ 0, Bn ⊂ (kn × Z
r+1) ∩ Bn−1, kn ⊂ kn−1, kn 6= kn−1 and for all but finitely
many tuples (u, q, p1, . . . , pr) ∈ Bn satisfying the inequalities that |α
(j)
0 · · ·α
(j)
n qu| > c for some j
and α
(j)
0 · · ·α
(j)
n qu is not a c-pseudo-Pisot number with
|α
(j)
0 · · ·α
(j)
n qu− pj | <
1
Hǫ/(n+1)(u)q
d
r
+ǫ
. (4.1)
If such sequences exist, then we eventually get a contradiction to the fact that the number field
K does not admit an infinite strictly decreasing chain of subfields. Therefore in order to finish the
proof of the theorem, it is suffices to construct such sequences.
We proceed our construction by applying induction on n: for n = 0, put α
(j)
0 = αj for 1 ≤
j ≤ r, k0 = K and B0 = B in Lemma 3.1, to get the result for n = 0. Then by the induction
hypothesis, we assume that α
(j)
n , kn and Bn for an integer n ≥ 0 exist with the property that
(α
(1)
0 · · ·α
(1)
n ), . . . , (α
(r)
0 · · ·α
(r)
n ) are Q-linearly independent and satisfying (4.1).
Consider
δj = α
(j)
0 · · ·α
(j)
n , for all 1 ≤ j ≤ r.
By the induction hypothesis, the numbers δ1, . . . , δr are Q-linearly independent and satisfies (4.1).
Then by Lemma 3.1 with the inputs δ1, . . . , δr, k = kn, we obtain an element γn+1 ∈ kn, a proper
subfield kn+1 of kn and an infinite set Bn+1 ⊂ Bn such that all pairs (u, q, p1, . . . , pr) ∈ Bn+1 satisfy
u = γn+1v with v ∈ kn+1 and γn+1 ∈ k
×
n . Note that since u ∈ O
×
S , we observe that v ∈ O
×
S . Hence,
as u varies, we see that v also varies over O×S . Thus, we can assume that (u, q, p1, . . . , pr) ∈ Bn+1
if and only if (u, q, p1, . . . , pr) ∈ Bn+1.
Set α
(j)
n+1 = γn+1 for all 1 ≤ j ≤ r. Clearly,
α
(j)
0 · · ·α
(j)
n α
(j)
n+1 = δjγn+1 := δ
(j)
n+1 for all 1 ≤ j ≤ r.
ON SIMULTANEOUS APPROXIMATION OF ALGEBRAIC NUMBERS. 18
Therefore, by induction hypothesis and Proposition 3.1, it is clear that δ
(1)
n+1, . . . , δ
(r)
n+1 are Q-linearly
independent. Also, by induction hypothesis, we know that for every tuple (u, q, p1, . . . , pr) ∈ Bn+1,
there exists i satisfying |δiqu| > c and δiqu is not a c-pseudo Pisot number. Since δjqu = δjqγn+1v =
δ
(j)
n+1qv, for every tuple (v, q, p1, . . . , pr) ∈ Bn+1, there exists i such that |δ
(i)
n+1qv| > c and δ
(i)
n+1qv is
not a c-pseudo Pisot number and
|δ
(j)
n+1qv − pj | = |δjγn+1qv − pj | = |δjqu− pj | <
1
H(γn+1v)ǫ/(n+1)q
d
r
+ǫ
.
By using the fact that H(α) = H(α−1) for any non-zero α ∈ K, we see that
H(γn+1v) ≥ H(γn+1)
−1H(v),
and hence in particular, for almost all v ∈ kn+1, we get H(γn+1v) ≥ H(v)
(n+1)/(n+2). Therefore, for
all but finitely many tuples (v, q, p1, . . . , pr) ∈ Bn+1 and for all 1 ≤ j ≤ r, we have the following
inequality
|δ
(j)
n+1qv − pj| <
1
H(v)ǫ/(n+2)q
d
r
+ǫ
.
This fullfil the induction and hence the theorem. 
Proof of Theorem 1.2. The proof of this theorem is similar to the proof of Theorem 1.1.
Suppose that there are infinitely many triples (u, q, p) ∈ O×S × Z
2 satisfying the following in-
equality
0 < |α1qu1 + · · ·+ αdqσd(u)− p| ≤ q
−d−ǫH−ǫ(u).
Then by inductively, we construct a sequence {αi,0}
∞
i=0, . . . , {αi,d}
∞
i=0 elements of K, an infinite
decreasing chain Bi of an infinite subset of B and an infinite strictly decreasing chain ki of subfields
of K with the following properties:
For each integer n ≥ 0, Bn ⊂ (kn × Z
2) ∩ Bn−1, kn ⊂ kn−1, kn 6= kn−1 and all but finitely many
tuples (u, q, p) ∈ Bn satisfying the inequalities that at least one |αj,0 · · ·αj,nquj| > c for some j and
αj,0 · · ·αj,nquj is not a c-pseudo-Pisot number with
|α1,0 · · ·α1,nqσ1(u) + · · ·+ αd,0 · · ·αd,nqσd(u)− p| <
1
Hǫ/(n+1)(u)qd+ǫ
. (4.2)
If such sequences exist, then we eventually get a contradiction from the fact that the number field
K does not admit any infinite strictly decreasing chain of subfields. Therefore in order to finish
the proof of the theorem, it is suffices to construct such sequences.
We proceed our construction by applying induction on n: for n = 0, put αi,0 = αi for 1 ≤ i ≤ d,
k0 = K and B0 = B in Lemma 3.2, so we are done in the case n = 0. Then by the induction
hypothesis, we assume that αi,n, kn and Bn for an integer n ≥ 0 and 0 ≤ i ≤ d exist such that
(4.2) holds. Then by applying Lemma 3.2 with k = kn and
δ1 = α1,0 · · ·α1,n, . . . , δd = αd,0 · · ·αd,n,
we obtain an element γn+1 ∈ kn, a proper subfield kn+1 of kn and an infinite set Bn+1 ⊂ Bn such
that all pairs (u, q, p) ∈ Bn+1 satisfy u = γn+1v with v ∈ kn+1. Note that since u ∈ O
×
S , we
observe that v ∈ O×S . Hence, as u varies, we see that v varies over O
×
S . Thus, we can assume that
(u, q, p) ∈ Bn+1 if and only if (v, q, p) ∈ Bn+1.
Set αj,n+1 = σj(γn+1) for all 1 ≤ j ≤ d. Clearly,
αj,0 · · ·αj,nαj,n+1 = δjσj(γn+1) := δ
(j)
n+1 for all 1 ≤ j ≤ d.
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By the induction hypothesis, we know that for every pair (u, q, p) ∈ Bn+1, there exists i satisfying
|δiqu| > c and δiqu is not a c-pseudo-Pisot number. Since δjquj = δjqσj(γn+1v) = δ
(j)
n+1qσj(v), for
every pair (u, q, p) ∈ Bn+1, there exists i such that |δ
(i)
n+1qui| > c and δ
(i)
n+1qui is not c-pseudo-Pisot
number and
|δ
(1)
n+1qv + · · ·+ δ
(i)
n+1qσi(v) + · · ·+ δ
(d)
n+1qσd(v)− p| = |δ1qσ1(γn+1v) + · · ·+ δdqσd(γn+1v)− p|
= |δ1qu1 + · · ·+ δdqud − p| <
1
Hǫ/(n+1)(γn+1v)qd+ǫ
.
Since for v ∈ K, we see that
H(γn+1v) ≥ H(γn+1)
−1H(v),
and hence in particular, for almost all v ∈ K, H(γn+1v) ≥ H(v)
(n+1)/(n+2). Therefore, for all but
finitely many such pair (v, q, p) ∈ Bn+1 and for all 1 ≤ j ≤ d, we have the following inequality
|δ
(1)
n+1qv + · · ·+ δ
(i)
n+1qσi(v) + · · ·+ δ
(d)
n+1qσd(v)− p| <
1
Hǫ/(n+2)(v)qd+ǫ
This fulfill the induction hypothesis and hence the theorem. 
Proof of Corollary 1.3. As we have seen in the proof of Theorem 1.1, we can reduce to the
situation where Γ ⊂ Q
×
is the group of S-units:
Γ = O×S = {u ∈ K :
∏
v∈S
|u|v = 1}
of a suitable number field K Galois over Q containing α and S is suitable finite set of places
containing all the archimedean ones. Therefore by applying Theorem 1.2, with α1 = α, αi = 0 for
2 ≤ i ≤ d and K, we get Theorem CZ. 
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